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a b s t r a c t
Weconsider a quadratic extension of a global field and give themaximal length of aNewton
sequence, that is, a simultaneous ordering in Bhargava’s sense or a Schinzel sequence, that
satisfies the condition of the Brownin–Schinzel problem. In the case of a number field
Q(
√
d), we show that the maximal length of a Schinzel sequence is 1, except in seven
particular cases, and explicitly compute themaximal length of a Schinzel sequence in these
special cases. We show that Newton sequences are also finite, except for at most finitely
many cases, all real, and such that d ≡ 1 (mod 8). For d ≢ 1 (mod 8), we show that
the maximal length of a Newton sequence is 1, except in five particular cases, and again
explicitly compute the maximal length in these special cases. In the case of a quadratic
extension of a function field Fq(T ), we similarly show that, unless the ring of integers is
isomorphic to some function field (in which case there are obviously infinite Newton and
Schinzel sequences), the maximal length of a Schinzel sequence is finite and in fact, equal
to q. For imaginary extensions, Newton sequences are known to be finite (unless the ring
of integers is isomorphic to some function field) and we show here that the same holds in
the real case, but for finitely many extensions.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
We let K be a global field and OK be the ring of integers of K . Hence, either K is a number field, that is, a finite algebraic
extension of Q, and OK is the integral closure of Z; or K is a function field, that is, a finite algebraic extension of Fq(T ), and
OK is the integral closure of Fq[T ].
Recall, following Bhargava [4,5], that for a maximal idealP of a Dedekind domain D, aP-ordering of D is a sequence {un}
in D such that, u0 being arbitrarily chosen, un is inductively defined by the condition
vP

n−1∏
k=0
(un − uk)

= inf
x∈D vP

n−1∏
k=0
(x− uk)

, (1)
where vP is the valuation associated to P. As in [6,7], we say that a sequence in D is a Newton sequence or a simultaneous
ordering of D if it is a P-ordering for every maximal ideal of D. We say that K is a Newtonian field when OK is endowed
with a simultaneous ordering. The sequence {n} of natural integers is a simultaneous ordering of Z, but no number field K
(other thanQ) is known to beNewtonian. In particular,Wood actually proved that no imaginary quadratic field is Newtonian
[20, theorem 5.2].
As noted by Yeramian [21], P orderings are nothing else than the very well ordered sequences of Amice [3]: a sequence
{un} is a Newton sequence if and only if, for each maximal idealP ofOK , with norm q, each s, and each k, the qk consecutive
elements {usqk , usqk+1, . . . , u(s+1)qk−1} form a complete system of representatives of OK moduloPk [7, proposition 3.9].
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This question is then related to Schinzel’s problem [15, Problem 8]: given a global field K , is there a sequence {un} in OK
such that, for each ideal I with norm N = N(I), the first N terms of the sequence {un} represent all residue classes modulo I?
(In fact, the question was first raised by J. Browkin in 1965 forQ[i]with a negative answer provided by E.G. Strauss in 1966).
As in [6,7], we call such a sequence a Schinzel sequence and say that K is a Schinzel field if OK is endowed with a Schinzel
sequence. Clearly the sequence {n} of natural integers is a Schinzel sequence of Z but again, no number field other thanQ is
known to be a Schinzel field. In that direction, Wantula [18] showed that no quadratic number field is a Schinzel field, with
seven possible exceptions. Latham [14] proved the same for cubic fields with a negative discriminant, again with at most
finitely many exceptions, and so did Wasen [19] for pure extensions of prime degree.
In the case of a function field, recall that Fq[T ], just like Z, is endowed with a sequence {an} (introduced by Car [8])
that is both a Newtonian and Schinzel ordering [1,5,7]: writing {a0 = 0, a1 = 1, . . . , aq−1} the elements of Fq, and letting
n = n0 + n1q+ · · · + nsqs, be the q-adic expansion of n, set an = an0 + an1T + · · · + ansT s.We shall refer to this sequence
as the Car sequence. Unlike the case of number fields, there are obvious cases where an algebraic extension K of Fq(T ) is
both a Newtonian and a Schinzel field: for instance, if K = Fq(
√
T ) then OK = Fq[
√
T ] is clearly isomorphic to Fq[T ], or if
K = Fq2(T ), thenOK = Fq2 [T ] is again of the same type, with the same properties. Yet, in [2, Theorem 18], we proved that a
totally imaginary extension of a function field is never Newtonian unlessOK is isomorphic to some Fqn [T ] , as in the previous
examples. We thus conjecture that there are no Newtonian or Schinzel function fields other than these trivial cases.
In this paper, we restrict our attention to quadratic extensions of a number field or a function field. We devote Section 2
to generalities. As there are likely no infinite Schinzel or Newton sequences, we first give the definition of Schinzel and
Newton sequences of length L, as in [6]. We also give necessary conditions for the existence of sequences of length 2 and
recall a few facts about quadratic extensions of function fields.
Next, we first revisit Wantula’s result on Schinzel sequences in the case of number fields. Denoting bym(d) the maximal
length of a Schinzel sequence in K = Q(√d), we show in Section 3 that m(d) = 1 except in seven particular cases,
namely m(−7) = 2,m(−3) = 11,m(−1) = 3,m(2) = 5,m(3) = 5,m(5) = 17, and m(17) = 3 (leaving the explicit
computations for these seven special cases to the next section). We then extend M. Wood’s result on Newton sequences to
non-necessarily imaginary quadratic extensions. Denoting by n(d) themaximal length of a Newton sequence, we show that,
for d ≢ 1(mod 8), n(d) = 1, except five particular cases, namely n(−3) = 4, n(−1) = 3, n(2) = 4, n(3) = 5, and n(5) = 6
(leaving again the explicit computations to the next section). In the case where d ≡ 1(mod 8),we show that n(d) = mK −1,
where mK denotes the least non splitting prime in K , except at most finitely many cases, all of them real (Theorem 16).
Section 4 is devoted to the computations, using a computer for the real case. The computations were performed on the
cluster Gaia of Paris 13 with the software of formal calculus Pari/GP [16]. The code sources and the programs to compute the
longest Schinzel and Newton sequences can be downloaded from the website http://www.latp.cahen.u-3mrs.fr. As 17 was
among the exceptions for Schinzel sequences (withm(17) = 3), we also computed n(17) and showed it was not among the
real exceptions (if any), that is, n(17) = 4 and indeed, 5 is the least non splitting prime in Q(√17).
The last section is devoted to quadratic extensions of a function field Fq(T ). If K is rational, that is, isomorphic to Fq(T )
then, as Fq(T ) itself, K is obviously both Newtonian and a Schinzel field. Assuming K is not rational, we show that K is not
Newtonian but for finitely many real cases, and never a Schinzel field (that K is not Newtonian in the imaginary case, unless
rational, was done in [1]). More precisely, assuming K is not rational and denoting bymK the least degree of a prime P ∈ P
that is not split in K , we show that the longest length of a Newton sequence in K is nK = qmK −1, but for finitely many cases
(Theorem 24). Considering separately the real and the imaginary case, we prove also that the longest length of a Schinzel
sequence is q − 1 (unless K is rational) (Proposition 28 and Lemma 29). Thus, whenever K is a Schinzel field, K is rational,
thus Newtonian and the converse holds in the imaginary case (from [1]) as in this case, K is never Newtonian unless rational.
Finally, in both the real and the imaginary case, we are thus motivated to give an explicit characterization of the quadratic
extensions that are rational (Propositions 28 and 30).
2. Generalities
2.1. Newton and Schinzel sequences of length L
We let {un} = {u0, u1, . . .} be a sequence in the ring of integers OK of a number field K . In [6,7] we observed that {un}
is a simultaneous ordering of D if and only if it is a test sequence for the integer-valued polynomials. On the other hand,
letting the norm of a ∈ D, denoted by N(a), to be, as usual, the cardinal of the residue ring OK/aOK , Wasen characterized
the Schinzel sequences {un} by the condition,
for i ≠ j, N(ui − uj) ≤ max(i, j). (2)
(Note however that, as Wasen indexed his sequences from u1, he wrote in fact N(ui − uj) < max(i, j)).
More generally we let D be a domain, with quotient field K .We denote by Int(D) the ring of integer-valued polynomials
on D, that is
Int(D) = {f ∈ K [X] | f (D) ⊆ D}.
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As always, the norm of an ideal I of D, possibly infinite, denoted by N(I), is the cardinal of the quotient D/I. The norm of an
element a ∈ D, denoted by N(a), is the norm of the principal ideal aD.
In this situation we generalize the notions of Newton and Schinzel sequences to a sequence {un} = {u0, u1, . . .} finite or
infinite. If the sequence is finite, its length L is the index of its last term (hence there are L+ 1 terms), otherwise we say that
L = ∞. As in [6], we set the following definitions.
Definition 1. Let D be a domain, with quotient field K and {un} be a sequence of length L in D.
(1) We say that {un} is a Newton sequence if, for each polynomial f ∈ K [X] of degree n ≤ L,
f ∈ Int(D)⇐⇒ ∀j ≤ n, f (uj) ∈ D.
If D is endowed with an infinite Newton sequence we say that D is a Newtonian domain.
(2) We say that {un} is a Schinzel sequence if,
for i ≠ j, N(ui − uj) ≤ max(i, j).
If D is endowed with an infinite Schinzel sequence we say that D is a Schinzel domain.
We recall the following, due to Sophie Frisch [6, Corollary 1.12].
Proposition 2. Let D be a domain. If there exists a Schinzel sequence of length L in D then every ideal I of D with norm N(I) ≤ L
is principal.
In particular, a Schinzel domain is principal (in fact, Sophie Frisch showed that a Schinzel domain with finite residue rings
is Euclidian).
2.2. Basal sequences
As noted in [6,7], if {un} is either a Newton or a Schinzel sequence of D, then so is the sequence {aun + b}, for each unit
a and each b ∈ D.We may thus always assume that u0 = 0 and u1 = 1. As Wasen [19], we then say that {un} is a basal
sequence and, from then on, we assume this is always the case.
We derive easily from the definition a necessary condition for the existence of a Schinzel sequence of length L > 1 (that
is, a basal sequence going beyond 0, 1).
Proposition 3. Let D be a domain.
(1) There exists a Schinzel sequence of length L > 1 in D if and only if there exists α ∈ D, α ≠ 0, α ≠ 1, such that N(α) ≤ 2 and
N(α − 1) ≤ 2.
(2) If moreover there is at most one prime idealP with norm N(P) = 2 in D, then α or α − 1must be a unit in D. If there is no
such prime, then both α and α − 1must be units in D.
Proof. A basal sequence of length 2 is of the form {0, 1, α}, hence the first assertion derives immediately from Definition 1.
A fortiori neither α nor α − 1 can belong to any prime P with norm N(P) > 2. If there is at most one prime ideal P with
norm N(P) = 2, then α and α−1 cannot be both inP, and one of themmust be a unit. If there is no prime ideal with norm
2, then neither α nor α − 1 can belong to any prime, thus both must be units. 
For Newton sequences in Dedekind domains, we derive the following from [6, Corollary 4.12].
Proposition 4. Let D be a Dedekind domain and n an integer. If there is at most one prime ideal P of D with norm N(P) ≤ n,
then every Newton sequence of length L ≤ n in D is also a Schinzel sequence.
In particular, if there is at most one prime ideal of Dwith norm 2, then every Newton sequence of length 2 in D is also a
Schinzel sequence.
2.3. Factorial ideals
For a maximal ideal P of a Dedekind domain D, corresponding to a valuation vP of its quotient field, and a P-ordering
{un}, we set
wP(n) = vP

n−1∏
k=0
(un − uk)

.
Bhargava proved thatwP(n) does not depend on the choice of theP-ordering [4, Theorem1]. He then generalized the notion
of factorial with the following definition.
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Definition 5. Let D be a Dedekind domain. The n-th factorial ideal of D is the ideal
n!D =
∏
P∈Max(D)
PwP(n).
Note that, for D = Z, one has the expected formula
n!Z =
n−1∏
k=0
(n− k)Z = n!Z.
It follows from the definition of a Newton sequence (or simultaneous ordering) that we have the following.
Proposition 6. Let D be a Dedekind domain and {un} be a sequence of length L in D. The following assertions are equivalent.
(1) {un} is a Newton sequence.
(2) For each n ≤ L,
n!D =

n−1∏
k=0
(un − uk)

D.
(3) For each n ≤ L,
N(n!D) = N

n−1∏
k=0
(un − uk)

.
In particular, we derive the following necessary condition, similar to Proposition 2 [6, Corollary 1.4].
Corollary 7. Let D be a Dedekind domain. If there exists a Newton sequence of length L in D, then, for each n ≤ L, the factorial
ideal n!D is a principal ideal.
Melanie Wood gave a characterization of the factorial ideals in the particular case of a quadratic field [20, Proposition
4.3]. We derive the following.
Proposition 8. Let K be a quadratic field and mK be the least prime that is non split in K . Then,
(1) for n < mK , N(n!OK ) = n!2 and {0, 1, . . . , n} is a Newton sequence of OK ,
(2) for n ≥ mK , N(n!OK ) < n!2 and no Newton sequence of OK with length n is contained in Z,
(3) if a prime p is inert in OK , then N(p!OK ) = N

(p− 1)!OK

.
2.4. Quadratic extensions of function fields
Werecall here some classical facts about (separable quadratic) extensions of a function fieldFq(T ) (see [10]). An extension
K of Fq(T ) is said to be geometric if Fq is algebraically closed in K , we shall assume this is always the case. The extension
is said to be rational if it is of the form K = Fq(U) for some U ∈ K .We denote by OK the ring of integers of K , that is, the
integral closure of Fq[T ] in K
We denote by P the set of monic irreducible polynomials of Fq[T ] and say that P ∈ P is a prime of Fq[T ].We denote by Pk
the set of places of Fq(T ). A place can be viewed as a (rank one discrete) valuation of Fq(T ). The (1/T )-adic valuation is said
to be the infinite place. We can thus consider that Pk = P ∪ {1/T }. The degree of a place is the degree of the corresponding
polynomial, the infinite place being of degree one. Places of degree n thus correspond to the valuations with a residue field
of cardinal qn.
As in the number field setting,we say that a quadratic extensionK ofFq(T ) is real if the infinite place is split inK , imaginary
otherwise, that is,
 1
T

is inert or ramified in K .
We can describe precisely the separable quadratic extensions of Fq(T ) according to the parity of q (that is, whether Fq(T )
is of characteristic 2 or not).
• q is odd. In this case K = Fq(T )(
√
D),with D ∈ Fq[T ] a square-free non-constant polynomial.
K is real if and only if the degree of D is even and the leading coefficient of D is a square in F.
The ring of integers of K is OK = Fq[T ][
√
D].
The norm of an element x = a+ b√D (with a, b ∈ Fq[T ]) is
N(x) = a2 − Db2.
• q is even. In this case, K = Fq(T )(y)where y satisfies the relation y2 + y+ U = 0, and U = N/D, with N,D ∈ Fq[T ] and D
square-free. The polynomials N and D can be normalized to be coprime and satisfy the following conditions (see [13]):
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(C.i) If degN = degD, then the leading coefficient of N does not belong to the image of the homomorphism x → x2 + x.
(C.ii) If degN > degD, then degN − degD is odd.
K is real if and only if deg(N) < deg(D).
As D is square-free, one can write D = ∏ri=1 P2ni−1i , Pi ∈ P. Letting G = ∏ri=1 Pnii , the ring of integers of K is of the form
OK = Fq[T ] ⊕ Fq[T ]yG.
Note that degG ≤ degD and that degD = 0 (that is, D = 1) if and only if degG = 0 (that is, G = 1).
The norm of an element x = a+ byG (with a, b ∈ Fq[T ]) is
N(x) = a2 + abG+ b2G2U .
We have a result analog to Proposition 8 where mK now denotes the least degree of a prime P that is not split in K
[2, Proposition 8].
Proposition 9. Let K be a separable quadratic extension of Fq(T ) and mK be the least degree of a prime P that is not split in K .
Then,
(1) For 0 ≤ n < qmK , the Car sequence {a0, a1, . . . , an} of Fq[T ] is a Newton sequence of OK and (n!)OK = (n!)Fq[T ]OK ,
(2) For n ≥ qmK , no Newton sequence of OK with length n is contained in Fq[T ] and (n!)OK strictly divides (n!)Fq[T ]OK .
Corollary 10. Let K be a separable geometric quadratic extension of Fq(T ). Then, every basal Newton sequence ofOK is such that
its first terms up to q are in Fq.
Proof. Let (bn) be a basal Newton sequence ofOK . Then b0 = 0, b1 = 1 and, for 2 ≤ n < q, as the Car sequence (an) is such
that
∏n−1
i=0 (an − ai) is a unit of Fq[T ], it follows by Proposition 9 that bn and bn − 1 are units of OK .
• Suppose q is odd. Write bn = a+ b
√
D,with a, b ∈ Fq[T ]. Taking the norms, as bn and bn − 1 are units, it follows that
deg

a2 − Db2 = 0,
deg

(a− 1)2 − Db2 = 0.
Thus, deg(a) ≤ 0, that is, a ∈ Fq. As K is a geometric extension, we have degD ≥ 1. Thus, b = 0, that is, bn = a, hence
bn ∈ Fq.
• Suppose q is even. Write bn = a+ bGy,with a, b ∈ Fq[T ]. Taking the norms, as bn and bn − 1 are units, it follows that
deg(a2 + b2G2U + abG) = 0,
deg(a2 + b2G2U + abG+ bG+ 1) = 0.
Thus deg(bG) = 0. Hence deg(b) ≤ 0, G = 1, then D = 1, and U = N/D = N. It follows also that deg(a2+abG) = 2 deg(a)
is even. On the other hand, as U ∈ Fq[T ], if deg(U) ≤ 0, then y is a root of a polynomial X2 + X + α with α ∈ Fq, in
contradiction with the assumption that K is a geometric extension of Fq(T ). Hence, degU ≥ 1 and by condition (C.ii) above,
deg(N) = deg(U) is odd. We then have
deg(a2 + abG+ b2G2U) = max deg(a2 + abG), deg(b2G2U) .
If deg(a) > 0, then deg(a2 + abG) ≥ 2, and we obtain a contradiction. If b ≠ 0, then deg(b2G2U) ≥ 1, and again a
contradiction. Thus b = 0, hence bn = a,with deg(a) ≤ 0, that is, bn ∈ Fq. 
3. Lengths of sequences in quadratic number fields
In this section we consider a quadratic number field K = Q(√d), assuming as usual that d is a square-free integer and
denote by OK its ring of integers. Recall that for x = α + β
√
d in K , the relative norm of x is NK/Q(x) = α2 − dβ2 and that,
for x ∈ OK , |NK/Q(x)| = N(x), the absolute norm of x, is the cardinal of OK/xOK .
We letm(d) (resp. n(d)) be the longest length of a Schinzel (resp. Newton) sequence in OK .
3.1. Schinzel sequences
Theorem 11. Let K = Q(√d). Then, m(d) = 1, except for
d = −1,−3,−7, 2, 3, 5, and 17.
Remark. The fact thatm(d) = 1, but for 7 cases, is essentially in [18] byWantula, yet this paper is in Polish and we thought
it might be useful to translate (and rewrite) the proof in English. Moreover, the list of exceptions given by Wantula in his
introduction contains d = −5 instead of d = 5, and although it is clear from the body of the paper that this is a typo, the
wrong list is to be found in the review by Witold Wieslaw [MR0369314].
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We split the proof of the theorem in two lemmas, dealing separately with the imaginary and the real case.
Lemma 12. Let K = Q(√d), with d < 0. If m(d) > 1, then d = −1,−3, or−7.
Proof. Suppose thatm(d) > 1. By Proposition 3, there is α ∈ OK , α ≠ 0, α ≠ 1, such that N(α) ≤ 2 and N(α − 1) ≤ 2, in
particular α ∉ Z.Writing α = a+b
√
d
2 , with a, b ∈ Z, b ≠ 0, the condition N(α) ≤ 2 implies the Diophantine inequality
a2 + |d|b2 ≤ 8.
Thus |d| ≤ 8, in fact |d| ≤ 7, as d is square-free.
Thus either d = −7 or d ≢ 1(mod 8). In the last case, 2 is not split in K and, by Proposition 3 again, α or α − 1 is a unit. As
α ∉ Z, we then have either d = −1, or d = −3. 
Lemma 13. Let K = Q(√d), with d > 0. If m(d) > 1, then d = 2, 3, 5, or 17.
Proof. As above, let α = a+b
√
d
2 , with a, b ∈ Z, b ≠ 0, be such that N(α) ≤ 2 and N(α − 1) ≤ 2.We then have
−8 ≤ a2 − db2 ≤ 8 and − 8 ≤ (a− 2)2 − db2 ≤ 8.
By subtraction, we obtain−16 ≤ 4a− 4 ≤ 16, thus,−3 ≤ a ≤ 5. Hence,
db2 ≤ 8+ inf{a2, (a− 2)2} = 17.
Thus either d = 17 or d ≢ 1(mod 8). In the last case, 2 is not split in K , α or α − 1 is a unit and the absolute value of its
norm is bounded by 1, not 2. We thus have−12 ≤ 4a− 4 ≤ 12, thus,−2 ≤ a ≤ 4. Hence
db2 ≤ 8+ inf{a2, (a− 2)2} = 12.
If d ≡ 2, 3(mod 4), OK = Z[
√
d], thus b is even and b2 ≥ 4.We derive d ≤ 3.We then have either d = 2, or d = 3.
If d ≡ 1(mod 4), as d is square-free and d ≤ 12, that leaves d = 5. 
3.2. Newton sequences
In [20, Theorem 5.2], Wood proved that no imaginary quadratic field is Newtonian. We show here more generally that
there are at most finitely many Newtonian quadratic fields (all real, if any). We denote bymK the least prime that is not split
in K = Q (√d). We need two results providing a bound formK , first in the imaginary case, then in the real case.
Lemma 14. Let K = Q(√d), with d < 0, d ≡ 1(mod 8), and such that p = −d is prime. Then (mK + 1)2 ≤ p, except for
d = −7 and d = −23.
Proof. As d ≡ 1(mod 8), mK is odd and it follows from the quadratic reciprocity laws that mK is also the least quadratic
non-residuemodulo p [20, p. 54]. Now, denoting by n the least quadratic non-residuemodulo a prime p, H.S. Godwin showed
that, for n ≥ 7, n2 + 3n + 1 ≤ p [9, (II)]. Thus, as n is prime, either n ≤ 5, or the second inequality holds. At any rate, we
always have (n + 1)2 ≤ p, but possibly for p < 36 = (5 + 1)2. As p ≡ 7(mod 8), that leaves p = 7, p = 23, and p = 31.
However, 3 is a quadratic non-residue modulo 31, hence the only exceptions are d = −7 (withmK = 3) and d = −23 (with
mK = 5). 
Remarks. (1) In the proof above, as n is prime, the negation of n ≥ 7, is n ≤ 5, and not n ≤ 6 as in [20, p. 54]).
(2) Another wording of Godwin’s result is that n2 + 3n + 1 ≤ p for each odd prime p, but for p = 3 (with n = 2), p = 5
(with n = 2), p = 7 (with n = 3), p = 17 (with n = 3), or p = 23 (with n = 5). Godwin quotes an earlier and weaker
result, saying that n <
√
p, but for p = 3, 7, or 23.
In the real case, [12] provides a bound for mK for d large. We quote (p. 371): ‘‘For any λ > 14√e , there exists a calculable
constantDλ, such that ifD ≥ Dλ is a fundamental discriminant, then there exists a prime p ≤ Dλ forwhich (D/p) = −1’’. The
authors note however thatDλ is probably enormous, well beyond the range of computation. In a quadratic field K = Q(
√
d),
D = d or D = 4d, but anyway (D/p) = −1 if and only if (d/p) = −1, that is, if and only if p is inert in K . On the other hand,
for λ > 14√e , taking λ
′ such that 14√e < λ
′ < λ, we have Dλ′ < dλ for d large, and we derive the following.
Lemma 15. Let K = Q(√d). For each λ > 14√e , there exists a constant Cλ > 0 such that for d > Cλ, mK < dλ.
We are ready for our main result about the longest length n(d)) of a Newton sequence in OK .
Theorem 16. Let K = Q(√d).
(1) For d ≢ 1(mod 8), then n(d) = 1, except for d = −3,−7, 2, 3, and 5.
(2) For d ≡ 1(mod 8), denoting by mK the least non splitting prime in K , then n(d) ≥ mK − 1.Moreover n(d) = mK − 1 in the
imaginary case and for d larger than a constant D > 0 in the real case.
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Remarks. (1) Comparing with Theorem 11, we see thatm(d) = 1 whenever n(d) = 1 (and conversely for d ≢ 1(mod8)).
(2) For d ≢ 1(mod 8), 2 is either ramified or inert, thusmK = 2, and we could write n(d) = mK − 1, as for d ≢ 1(mod 8).
(3) Contrary tom(d), n(d) can be arbitrarily large.
We first quickly deal with the case d ≢ 1(mod 8), proving (1).
Proof. For d ≢ 1(mod 8), 2 is not split in K = Q(√d). It thus follows from Proposition 4 that a Newton sequence of length
2 is also a Schinzel sequence. Thus n(d) = 1, except in the five cases wherem(d) > 1 given in Theorem 11. 
We next consider the case d ≡ 1(mod 8). It follows from Proposition 8(1) that {0, 1, . . . ,mK − 1} is a Newton sequence,
and hence, that n(d) ≥ mK − 1.We then show there is no Newton sequence of length mK (for d large enough in the real
case), splitting the proof into several lemmas.We first dealwith the imaginary case. Although thiswas already done byWood
[20, Theorem 5.2], we provide here a shorter proof, yet essentially with the same argument. In both cases, we first show that,
for some function f (d) of d, every basal Newton sequence of length L ≤ f (d) is contained in Z (again for d large enough in
the real case). Using the bounds on mK in Lemmas 14 and 15, we then show that mK ≤ f (d) (always for d large in the real
case). A Newton sequence of lengthmK would thus be contained in Z contradicting Proposition 8(2).
Lemma 17. Let K = Q(√d), with d < 0. Then every basal Newton sequence of OK of length L, such that (L + 1)2 ≤ |d|, is
contained in Z.
Proof. Let {uk} be a basal Newton sequence not contained in Z and un = a+b
√
d
2 , b ≠ 0, be its first term not in Z. For i < n,
we then have un − ui = ai+b
√
d
2 , with ai ∈ Z. Hence
N(n!OK ) = N

n−1∏
0
uk − ui

=
n−1∏
0
a2i − db2
4
≥
d4
n .
Suppose, by way of contradiction, that n is such that (n+ 1)2 ≤ |d|.We then have
N(n!OK ) ≥
d4
n ≥ n+ 12
2n
> n!2.
(For the last inequality, note that
 n+1
2
2 ≥ j(n+ 1− j), for 1 ≤ j ≤ n, the inequality being strict but for j = n+12 ). We reach
a contradiction as, by Proposition 8, N(n!OK ) ≤ n!2 for each n. 
Lemma 18. Let K = Q(√d), with d < 0 and such that d ≡ 1(mod 8). Then n(d) = mK − 1.
Proof. As n(d) ≥ mK − 1, it remains to show there is a Newton sequence of lengthmK in OK .
• Suppose |d| = p is prime.
– For d ≠ −7,−23, it follows by Lemma 14 that (mK + 1)2 ≤ |d|. By the previous lemma, a basal Newton sequence of
lengthmK would thus be contained in Z, a contradiction with Proposition 8(2).
– For d = −7,mK = 3 (3 is inert), hence n(−7) ≥ 2.MelanieWood gave a short proof to show there is no Newton sequence
of length 3 [20, Lemma 5.4]. See also the next section.
– For d = −23, mK = 5 (3 is decomposed and 5 is inert), hence n(−23) ≥ 4. To conclude it is enough to show that every
basal Newton sequence of length n ≤ 5 is contained in Z. Suppose by way of contradiction that {uk} is a basal Newton
sequence the first term of which not in Z is un, with n ≤ 5. As 42 ≤ 23, it follows by Lemma 17 that n = 4 or 5. As in the
proof of Lemma 17, we then have:
N(n!OK ) = N

n−1∏
0
uk − ui

≥
d4
n ≥ 5n ≥ 54 = 252.
However, by Proposition 8(1), |N(4!OK )| = 4!2 = 242 and, as 5 is inert, we have also |N(5!OK )| = 242, by Proposition 8 (3).
We thus reach a contradiction.
• Suppose |d| is composite. Let p be the least prime factor of d. As p divides d, p is ramified, hencemK ≤ p.
– IfmK < p, then (mK + 1)2 ≤ |d|, and we can conclude as above.
– If mK = p, one can have (mK + 1)2 > |d| in case |d| = p(p + 2) (a product of twin primes) and we must use another
argument. Suppose, by way of contradiction, there is a Newton sequence of length mK = p. Then n!OK is a principal ideal
for each n ≤ p (see for instance, [6, Corollary 1.4]). Write pOK = P2, whereP is the only prime ofOK above p. It follows for
instance from [20, Proposition 5.2], that p!OK = (p − 1)!OKP (see also Proposition 8 (3)) and hence that P = αOK is also
principal. As 1 and−1 are the only units of OK , we then have α2 = ±p. But then K contains, and is thus equal to Q(√p) or
Q(
√−p). We reach a contradiction as d is composite. 
We now consider the real case. We first establish a result similar to Lemma 17.
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Lemma 19. For each λ < 14 , there exists a constant Bλ > 0 such that, for d > Bλ, every Newton basal sequence {un} of length
L ≤ dλ in OK is contained in Z.
Proof. Let {uk} be a basal Newton sequence not contained in Z and un = a+b
√
d
2 , with a, b ∈ Z, b ≠ 0, be its first term not
in Z. By way of contradiction suppose that n ≤ dλ. By Proposition 6, writing αj = a2 − uj, we have
N(n!OK ) = N

n−1∏
j=0
(un − uj)

=
n−1∏
j=0
α2j − db24
 . (3)
Choose j0 such that M = |α2j0 − d b
2
4 | is minimal. Then M ≤ n2, otherwise N(n!OK ) ≥ Mn > n2n > n!2 contradicting
Proposition 8. We obtain
α2j0 ≥ d
b2
4
− n2 ≥ d
4
− n2 ≥ d
4
− d2λ > d
4
−√d. (4)
Hence for every constant A < 1, there is a constant B1 such that, for d > B1, we have |αj0 | > A
√
d
2 . For each j < n, j ≠ j0,
writing δj = αj − αj0 = uj − uj0 , we have
α2j − d
b2
4
= (δj + αj0)2 − d
b2
4
= M + 2α0δj + δ2j . (5)
As uj ∈ Z, for j < n, it follows from [6, Corollary 2.11] that {u0, . . . , un−1} is a Newton sequence of Z. By [6, Corollary 1.16
(2)], we then have |δj| = |uj−uj0 | ≤ n. ThusM+ δ2j ≤ 2n2 ≤ 2d2λ. As |δj| ≥ 1 and 2λ < 12 , we derive that |M+2αj0δj+ δ2j |
is equivalent to |2αj0δj| as d goes to infinity. Hence for every constant A < 1, there is a constant B2 such that, for d > B2, we
have N(un − uj) > A
√
d.We derive from (3) the inequality
N(n!OK ) =
n−1∏
j=0
N(un − uj) = M
∏
j≠j0
N(un − uj) ≥ (A
√
d)n−1. (6)
As λ < 14 ,
n−1
2 > 2λn, for n large. Hence, there exists an integer N0 such that, for n > N0, and for all d, (A
√
d)n−1 > d2λn. For
such n and d > B2, it then follows from (6) that
N(n!OK ) ≥

A
√
d)n−1 >

d2λ
n ≥ n2n > (n!)2. (7)
We thus obtain a contradiction with Proposition 8. For n ≤ N0, there is a constant B3 such that, for d > B3, we have
A
√
d)n−1 > (N0!)2 ≥ (n!)2.Wethus obtain the same contradiction. The lemma is thus proved, takingBλ = max(B2, B3). 
We can now easily end the proof of Theorem 16, using the bound formK given in Lemma 15.
Proof. Choose λ such that 14√e < λ <
1
4 and let D = max(Cλ, Bλ), where Cλ is the constant in Lemma 15 and Bλ the
constant in Lemma 19. For d > D, a Newton sequence of length mK would be contained in Z, contradicting Proposition 8.
Hence, n(d) = mK − 1. 
4. Exceptional values
Wepointed above seven exceptional values of d, for Schinzel sequences, amongwhich 5 valueswere relevant for Newton
sequences. In this section, we computem(d) and n(d) for these seven cases. We obtain the following table.
d −7 −3 −1 2 3 5 17
m(d) 2 11 3 5 5 17 3
n(d) 2 4 3 4 5 6 4
It follows from Theorem 11 thatm(d) = 1 for all other values of d. The same holds for n(d), if d ≢ 1(mod8) (Theorem 16).
Remark. In fact, −7 and 17 are special cases for Schinzel sequences but not for Newton sequences. In K = Q(√−7), 2 is
decomposed, and 3 is inert, thusmK = 3 and n(−7) = mK − 1 = 2 by Lemma 18. The case d = 17 could be among the real
exceptions such that n(d) > mK − 1 (if any). In fact, the computation shows that n(17) = 4 = mK − 1 (in K = Q(
√
17),
2, 3 are decomposed, and 5 is inert, thusmK = 5).
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4.1. Imaginary special values
• K = Q(√−7). d ≡ 1(mod 8), 2 decomposed, 3 inert,mK = 3. OK = Z

1+i√7
2

.
♦ Schinzel. There is no ideal with norm 3 inOK . If {un} is a Schinzel sequence, we thus have N(ui− uj) ≤ 2, for i, j ≤ 3, i ≠ j,
that is |ui− uj| ≤
√
2. It follows that a basal Schinzel sequence of length 2, {0, 1, α}, is necessarily such that α = 1±i
√
7
2 .We
picture such a sequence below in the complex plane (the only other one is symmetric with respect to the real line).
0 1• •
•
××
×β×
β
× α
✲
✻
It is clear from the picture there is no point in OK at distance less than
√
2 from 0, 1 and α. Hence there is no Schinzel
sequence of length 3.
♦ Newton. As pointed out in the proof of Lemma 18, Melanie Wood showed that n(−7) = 2 [20, Lemma 5.4]. We provide
here an argument for the sake of completeness. From Proposition 8 (1), we have N(2!OK ) = 4. It easily follows that a
Basal Newton sequence of length 2, {u0, u1, u2}, is necessarily such that u2 = 1±i
√
7
2 , 2, or−1. As 3 is inert, it follows from
Proposition 8 (3) that N(3!OK ) = 4.
– Suppose u2 = α = 1±i
√
7
2 as in the picture above. It is clear that an extra point β would be such that N(β − ui) ≥ 4, for
some i < 3, and N(β − uj) ≥ 2, for some other j < 3, and hence, such that∏2i=0 N(β − ui) ≥ 8. As N(3!OK ) = 4, there is
no Newton sequence with length 3.
– Suppose u2 = 2 or−1, that is, u0, u1, u2 are all three on the real line, as in the picture below. By Proposition 8 (3), a Newton
sequence of length 3 is not contained in Z. But an extra point β outside the real line would be such that N(β − ui) ≥ 2 for
each i < 3, hence such that
∏2
i=0 N(β − ui) ≥ 8, in contradiction with N(3!K ) = 4.
u0 u1• •
×
•×
×β×
u2
×
✲
✻
• K = Q(√−3). d ≡ 5(mod 8), 2 inert, 3 ramified, 5 inert. OK = Z[j], j = −1+i
√
3
2 .
Schinzel. A basal Schinzel sequence of length 11 is pictured below in the complex plane (first to u6, then to u8, finally to u11).
0 1
u2u3
✲
✻
✡
✡
❏
❏
❏
❏
u4✡
✡
u5 u6
❏
❏
✡
✡ ✡
✡
❏
❏
0 1
u2u3
✲
✻
✡
✡
❏
❏
❏
❏
u4✡
✡
u5 u6
❏
❏
✡
✡ ✡
✡
❏
❏
u7
u8
✡
✡
❏
❏
0 1
u2u3
✲
✻
✡
✡
❏
❏
❏
❏
u4✡
✡
u5 u6
❏
❏
✡
✡ ✡
✡
❏
❏
u7
u8
u9
✡
✡
✡
✡
❏
❏
❏
❏
u10
u11
✡
✡
❏
❏
❏
❏
✡
✡
For each j ≥ 2, we give the maximum value of N(uj − ui), i < j:
• N(u2 − u0) = N(u2 − u1) = 1,
• N(u3 − u1) = 3,
• N(u4 − u1) = 4,
• N(u5 − u2) = 4,
• N(u6 − u3) = 4,
• N(u7 − u3) = N(u7 − u4) = 7,
• N(u8 − u4) = N(u8 − u5) = 7,
• N(u9 − u7) = 9,
• N(u10 − u4) = 9,
• N(u11 − u5) = 9.
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We now show there is no Schinzel sequence of length 12. By way of contradiction, we suppose that 13 points, distributed
on several lines as below, form a Schinzel sequence.
1
2
3
4
5
• •β
• •
• • • •
• • • •
•α
α′
β ′
As N(ui − uj) ≤ 12, for i ≠ j, one can easily check that the following rules must be satisfied (of which several are not
respected above):
(1) There cannot be more than five lines. Indeed, if not there would be two distinct points α and β with N(α − β) ≥ 19.
(2) There cannot 5 points on a given line. If not there would be two distinct points α and β with N(α − β) ≥ 16.
(3) If there are five lines, there is at most one point on lines 1 and 5. If not there would be two distinct points α and β with
N(α − β) ≥ 13 (in the picture above, N(α − β) = 13).
Let us show another rule:
(4) There cannot be two lines with 4 points.
– Suppose these two lines are adjacent. There would be two points α′ ≠ β ′ with N(α′ − β ′) ≥ 13 (in the picture above,
N(α′ − β ′) = 13).
– Suppose these two lines are not adjacent, as in the next picture.
α• • • •α
′
β• • • •β
′
Therewould then be four distinct points such thatN(α−β) = N(α′−β ′) ≥ 12 (on the picture,N(α−β) = N(α′−β ′) = 12).
Hence, 13 points could not be ordered to form a Schinzel sequence, as one would necessarily have N(ui−uj) = 12, for some
i, j, with i < j ≤ 11.
Now because of rule (2), there at least four lines. If there are five lines, as there must be one point only on lines 1 and 5,
either two remaining lines would contain 4 points, contradicting rule (4), or one line would contain 5 points, contradicting
rule (2). We may thus assume there are four lines. From rule (2), only one line can contain 4 points, hence there must be
at least three points on each line. We then find two distinct points with N(α − β) ≥ 13 as in the picture below (with
N(α − β) = 13), where only 12 points are enough to reach this contradiction.
1
2
3
4
•α • •
• • •
• • •
β• • •
Remark. We can also give a heuristic argument to show that m(K) is finite. Each point of Z[j] is the center of a regular
hexagon in the complex plane of apothegm 1/2, side 1/
√
3, and area A = √3/2, in such a way that these hexagons do not
overlap. So n such hexagons will cover the area of a disk of diameter D such that
π
D2
4
= n
√
3
2
that is D2 = 2
√
3
π
n.
If n is large, as 2
√
3
π
> 1, it follows that, among n points, there will be two distinct points x, y, such that N(x− y) > n.
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♦ Newton. Although d ≢ 1(mod8), this is an exceptional value with n(d) > 1.Melanie Wood produced a Newton sequence
of length 4:
0, 1,
1+√−3
2
,
3+√−3
2
,
−1+√−3
2
.
She proved there is no longer Newton sequence [20, Lemma 5.3]. We can illustrate her argument as follows:
As 2 is inert and 3 is ramified, N(2!OK ) = 1 and N(3!OK ) = 3 [20, Proposition 4.3], hence a Newton sequence of length 3,
starting with 0, 1, makes two equilateral triangles, as below:
0 1
u2u3
✡
✡
❏
❏
❏
❏
There is only one prime with norm 4, thus N(4!OK ) = 12 [20, Proposition 4.3] and a Newton sequence of length 4, brings
necessarily a picture with 3 adjacent equilateral triangles, as below:
0 1
u2u3
✡
✡
❏
❏
❏
❏
u4
✡
✡
As 5 is inert, N(5!OK ) = N(4!OK ) = 12 and it follows that u5 should be at distance 1 of three points of the previous picture.
This is clearly impossible.
• K = Q(√−1). 2 ramified, 3 inert. OK = Z[i].
♦ Schinzel. There is no ideal with norm 3 in OK . If {un} is a Schinzel sequence, we thus have N(ui − uj) ≤ 2, for i, j ≤ 3,
i ≠ j, that is |ui − uj| ≤
√
2. It follows there are exactly two basal Schinzel sequences of length 3. One is {0, 1, i, 1+ i} and
is pictured below, the other one is symmetric with respect to the real line.
0 1
i
• •
• •
××
××
✲
✻
For a Schinzel sequence of length 4, all points must be at distance at most 2 from one another (as N(ui− uj) ≤ 4, for i, j ≤ 4,
i ≠ j). Yet given a square in Z[i], every other point is at a distance at least √5 from one vertex of this square. Therefore,
there is no Schinzel sequence of length 4.
♦Newton. It is easy to check that {0, 1, i, 1+ i} is also a Newton sequence of length 3 (the only other basal Newton sequence
of length 3 being symmetric with respect to the real axis [20, Lemma 5.2]). As there is only one prime ideal P with norm
N(P) ≤ 4, it follows from Proposition 4 that a Newton sequence of length 4 would also be a Schinzel sequence. Therefore,
there is no such sequence.
4.2. Real special values
In the real case, as the units provide infinitely many element with norm 1, it is more difficult to find a bound for the
length of sequences. We used a computer and the software of formal calculus Pari/GP [16] to do so. The computations were
performed on the cluster Gaia of Paris 13. The code sources and the programs to compute the longest Schinzel and Newton
sequences can be downloaded from the website http://www.latp.cahen.u-3mrs.fr
• K = Q(√2). 2 ramified, 3 and 5 inert, 7 decomposed. OK = Z
√
2

.
♦ Schinzel. The program says there are 64 basal Schinzel sequences of length 5 and no longer one. One sequence of length 5
is the following:
0, 1,
√
2, 1+√2, 2, 2+√2.
♦Newton. The first 5 terms of the sequence above form a Newton sequence of length 4. The program shows that there exists
no Newton sequence of length 5, and that there are 64 basal Newton sequence of length 4.
• K = Q(√3). 2, 3 ramified, 5, 7 inert, 11 decomposed. OK = Z
√
3

.
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♦ Schinzel. The program says there are 16 basal Schinzel sequences of length 5 and no longer one. One sequence of length 5
is the following:
0, 1, 2+√3, 1+√3, 2,√3.
♦ Newton. The program says the longest Newton sequence is of length 5. There are 16 basal Newton sequence of length 5.
The above sequence is one of them.
• K = Q(√5). 2, 3, 7 inert, 5 ramified, 11 decomposed. OK = Z

1+√5
2

.
♦ Schinzel. The computer shows there are 176 947 200 basal Schinzel sequences of length 17 (and no longer one). One of
these is:
0, 1,
1+√5
2
,
3+√5
2
, 2+√5, 7+ 3
√
5
2
,
5+√5
2
, 3+√5, 1+√5, 2, −1−
√
5
2
, 5+ 2√5,
4+√5, 9+ 3
√
5
2
,
5+ 3√5
2
,
7+√5
2
,
3+ 3√5
2
, 4+ 2√5.
♦ Newton. The program says there are 672 basal Newton sequences of length 6 (and no longer one). One of them is formed
by the first 7 terms of the Schinzel sequence above.
• K = Q(√17). d ≡ 1(mod 8), 2 decomposed, 3, 5, 7, 11 inert, 13 decomposedmK = 3. OK = Z

1+√17
2

.
♦ Schinzel. A basal Schinzel sequence of length 3 is necessarily of the form
0, 1,
−3+ ε√17
2
,
5− ε√17
2
, with ε = ±1.
It is then easy to see there is no longer Schinzel sequence.
♦ Newton. The following is a Newton sequence of length 4 (adding one term to a Schinzel sequence of length 3).
0, 1,
−3−√17
2
,
5+√17
2
,
3+√17
2
.
The computer says there are no longer Newton sequences and 16 basal Newton sequences of length 4.
5. Quadratic extension of a function field
We now turn to quadratic extensions of a function field Fq(T ). The notations are as in Section 2.4. But first we note that,
unlike domains with quotient field Q that always are a localization of Z (and hence both Schinzel and Newtonian domains
[6, Proposition 2.8]), a ring with quotient field Fq(T ) may not be a localization of Fq[T ] and thus not be a Schinzel nor a
Newtonian domain. We thus devote a first subsection to this question.
5.1. Domains with quotient field Fq(T )
We let S be a set of places of Fq(T ). We can consider S as a set of (rank one discrete) valuations. We let OS be the ring of
regular functions ‘‘in S’’, that is
OS = {f ∈ Fq(T ) | v(f ) ≥ 0 for all v ∈ S}.
If S = Pk, the set of all places of Fq(T ) , then OS = Fq, otherwise, OS is a Dedekind domain and the valuation overrings of
OS are the places in S [17]. We can characterize when OS is a Schinzel domain.
Proposition 20. Let S be a proper subset of Pk. If S contains every place of degree 1, the longest length of a Schinzel sequence in
OS is q− 1. Otherwise, OS is both a Schinzel and a Newtonian domain.
Proof. Suppose one place v of degree 1 is outside S. If v is the infinite place, thenOS is an overring of Fq[T ] and hence,OS is
a localization of Fq[T ]. If v corresponds to the T -adic valuation, then OS is an overring and hence a localization of Fq[1/T ].
Similarly if v corresponds to a degree one polynomial of Fq[T ], by an obvious isomorphism, OS is then a localization of a
Schinzel and Newtonian domain and is itself a Schinzel and Newtonian domain. Suppose on the contrary that S contains
every place with degree 1. Then, there are q + 1 ideals with norm q in OS . By [6, Proposition 4.7], it follows there is no
Schinzel sequence of length q (while clearly, the elements of Fq form a Schinzel sequence of length q− 1). 
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Remark. If S is finite, then OS is semi local and hence Newtonian by [7, Proposition 3.4]. In case S is infinite and contains
every place of degree 1, we conjecture that OS is not a Newtonian domain. Yet, although the longest length of a Schinzel
sequence is q− 1, one can find longer Newton sequences.
For instance, if q = 2, and S contains every place of F2(T ) but the two places associated to the irreduciblemonic polynomials
T 3 + T 2 + 1 and T 3 + T + 1, the following is a Newton sequence of length 2 in OS :
u0 = 0, u1 = 1, u2 = T (T + 1)T 3 + T 2 + 1 .
We can check first that u2 is indeed in OS , and that u2 − u1 = T3+T+1T3+T2+1 is a unit. One can next easily check that
vP

(u2 − u1)(u2 − u0)
 = 1 for each of the three prime ideals P with norm 2 in OS (corresponding to T , T + 1, and 1/T )
while vP

(u2 − u1)(u2 − u0)
 = 0 for every other prime P .
We can prove the conjecture of the previous remark in a particular case. Note that the hypothesis of the next proposition
implies that S contains every place of degree 1.
Proposition 21. Let S be a proper subset of Pk. If there is an integer m > 1 that divides the degree of P for each P /∈ S but does
not divide q+ 1, then, the longest length of a Newton sequence of OS is q− 1.
Proof. Obviously, Fq is always a Newton sequence of OS of length q − 1. By way of contradiction, let us assume there is a
basal Newton sequence (an) ofOS with length q and set ϕ =∏q−1j=0 (aq− aj). As the factorial q!OS is the product of all primes
with degree 1, it follows on the one hand that
ϕ = ξ(T q − T )ψ (8)
with ξ ∈ F∗q and ψ a quotient of prime factors all outside of S. On the other hand, taking into account the infinite place,
it follows also that deg(ϕ) = −1. From (8) and the fact that m divides the degree of P for each P /∈ S, we then have
deg(ϕ) ≡ q(modm).We thus reach a contradiction, since we also assume that−1 ≢ q(modm). 
From Proposition 20 we derive the following, recalling that an extension K of Fq(T ) is said to be rational if K = Fq(U)
for some U ∈ K .
Corollary 22. Let K be a rational extension of Fq(T ). If among the places of K above
 1
T

one of them is of degree 1, then the ring
of integers OK is both a Schinzel and a Newtonian domain.
Proof. The ring of integer OK has K = Fq(U) for the ring of fractions. The valuation domains corresponding to the places
above
 1
T

do not contain OK (if they did, the valuation domain corresponding to the
 1
T

-adic valuation would contain
Fq[T ]). As, by hypothesis, one of the places above
 1
T

is of degree 1, the result follows immediately from Proposition 20. 
This applies in particular if K is a quadratic real extension, as (by definition) there are then two places of K above
 1
T

,
and hence, both must be of degree 1.
Corollary 23. Let K be a rational quadratic real extension ofFq(T ). Then the ring of integersOK is both a Schinzel and aNewtonian
domain.
5.2. Newtonian real quadratic function fields
In [1], we proved that if K is an imaginary quadratic extension of Fq(T ), then K is never a Newtonian field unlessOK is Fq-
isomorphic to Fq[T ]. In the real case, if the extension is geometric as assumed throughout this paper,OK is never isomorphic
to Fq[T ], as it admits infinitely many units, and we show it is not Newtonian but for finitely many cases.
With the notations of Section 2.4, we recall that, for q odd, K = Fq(T )(
√
D) and OK = Fq[T ][
√
D], for some polynomial
D ∈ Fq[T ] and that, for q a power of 2, K = k(y), for some y ∈ K andOK = Fq[T ]⊕Fq[T ]yG for some polynomial G ∈ Fq[T ].
We denote by d the degree of D in the first case, and that of G in the second case. We denote by mK the least degree of a
prime P ∈ P that is not split in K .
Theorem 24. Let K be a real quadratic geometric extension of Fq(T ). Then there exists a constant C > 0 such that, for d > C,
the longest length of a Newton sequence in K is nK = qmK − 1.
The pattern of the proof is similar to the case of a real number field. We first need a result similar to Lemma 15 giving
a bound for the least degree mK of a prime P ∈ P that is non split in K . From results kindly communicated to us by M. Car,
there is a lower bound for the number π−(n) of primes of Fq(T ) inert in K with degree n. It follows that if the genus gK of K
is larger than a constantK > 0 depending on q only, there exists P ∈ Pwith degree n ≤ 1+ 2 logq(4gK ) that is inert in K .
We then derive the following.
Lemma 25. There exists a constantK > 0 depending on q only such that, if d ≥ K ,
(1) for q odd, then mK < d/4,
(2) for q even, then mK < d/2.
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Proof. (1) If q is odd, then gK = d2 − 1 [10], and it follows that for d > K,we havemK ≤ 1+ 2 logq (4(d/2− 1)), hence a
fortiorimK < d/4.
(2) If q is even, then gK = d − 1 [13], and it follows that for d > K, we have mK ≤ 1 + 2 logq (4(d− 1)), hence a fortiori
mK < d/2. 
Similar to Lemma19,we next give a sufficient bound on the length of a basal Newton sequence ofOK for it to be contained
in Fq[T ]. But first we need the following that holds for every extension of Fq(T ).
Lemma 26. Let K be an extension of Fq(T ) and (bn) be a basal Newton sequence of OK contained in Fq[T ]. Then deg(bk) ≤
logq(k) for all k.
Proof. For the Car sequence (an)n∈N of Fq[T ], it is clear that deg(ak) ≤ logq(k) for all k. If (bn) is a basal Newton sequence
of OK contained in Fq[T ], it follows by [6, Corollary 2.11] that (bn) is a Newton sequence of Fq[T ]. Hence
deg

k−1∏
i=0
(bk − bi)

= deg

k−1∏
i=0
(ak − ai)

. (9)
Therefore, by induction on k, deg(bk) = deg(ak) ≤ logq(k). 
The bounds we next give, according to q, hold with no condition on d, but for q = 2 or q = 3.
Lemma 27. Let K be a geometric quadratic extension of Fq(T ) and (bn) be a basal Newton sequence ofOK with length L. Assume
either one of the following conditions, according to the parity of q.
(1) L < qd/4, for q odd, and moreover d > 6, if q = 3,
(2) L < qd/2, for q even, and moreover d > 6, if q = 2.
Then (bn) is contained in Fq[T ].
Proof. Denoting the Car sequence of Fq[T ] by (an)n∈N it follows from Proposition 9 that, for each k,∏k−1i=0 (bk − bi) always
divides
∏k−1
i=0 (ak−ai). Taking the norms, and comparing their degrees, we derive from Lemma 26 the following upper bound
for deg

N
∏k−1
i=0 (bk − bi)

.
deg

N

k−1∏
i=0
(bk − bi)

≤ deg

k−1∏
i=0
(ak − ai)2

≤ 2k logq(k). (10)
We let bk be the first term of the sequence not in Fq[T ]. By way of contradiction, we assume that k < qd/4, for q odd, or
k < qd/2, for q even. It follows from Corollary 10 that k ≥ q. For this k, we next establish a lower bound, from which,
together with (10), we shall derive a contradiction.
deg

N

k−1∏
i=0
(bk − bi)

≥ (k− 1)(2 logq(k)+ 1). (11)
To prove (11), we consider separately the cases where q is odd and where q is even.
• Suppose q is odd. Then OK = Fq[T ][
√
D], for some polynomial D ∈ A, and d is here the degree of D. We may write
bk = x+ y
√
D, with x, y ∈ Fq[T ]. The norm of bk − bi is N(bk − bi) = (x− bi)2 − Dy2, and
deg

N

k−1∏
i=0
(bk − bi)

= deg

k−1∏
i=0

(x− bi)2 − Dy2

.
Let i0 be such that deg((x− bi)2−Dy2) is minimal. As logq(k) < d/4, it follows from (10) that deg((x− bi0)2−Dy2) < d/2.
As we suppose that bk /∈ Fq[T ],we have y ≠ 0, thus deg(Dy2) ≥ d. Hence deg

(x− bi0)2
 ≥ d, that is, deg(x− bi0) ≥ d/2.
As deg(bi0) ≤ logq(k) < d/4,we then have deg(x) ≥ d/2.
For i ≠ i0, write
(x− bi)2 − Dy2 =

(x− bi0)2 − Dy2
+ (b2i − b2i0)− 2x(bi − bi0).
We may consider (x− bi)2 − Dy2 as the sum of three terms. We have shown above that deg((x− bi0)2 − Dy2) < d/2. The
same holds for the second term, that is, deg

b2i − b2i0

< d/2, as for each i < k, deg(bi) ≤ logq(i) < d/4.We can thus
conclude that
deg

(x− bi)2 − Dy2
 = deg 2x(bi − bi0) ≥ d/2.
1916 D. Adam, P.-J. Cahen / Journal of Pure and Applied Algebra 215 (2011) 1902–1918
Having k− 1 terms such that i ≠ i0, we thus obtain
deg

N

k−1∏
i=0
(bk − bi)

≥ (k− 1)d/2. (12)
As recalled in Section 2.4, since K is real, d is even, and from logq(k) <
d
4 we then have d/2 ≥ 2 logq(k)+1 and (11) follows.• Suppose q is even, that is, a power of 2. ThenOK = Fq[T ] ⊕ Fq[T ]yG for some polynomial G ∈ Fq[T ] and d is the degree of
G.Wemay write bk = a+ bGywith a, b ∈ Fq[T ]. The norm of bk − bi is N(bk − bi) = (a− bi)2 + (a− bi)bG+ b2G2U,with
the notations of Section 2.4, and
deg

N

k−1∏
i=0
(bk − bi)

= deg

k−1∏
i=0

(a− bi)2 + (a− bi)bG+ b2G2U

.
Let i0 be an integer such that deg
∏k−1
j=0 ((a− bi)2+ (a− bi)bG+ b2G2U)

is minimal and set α0 = (a− bi0)2+ (a− bi0)bG+
b2G2U . As logq(k) < d/2, it follows here from (10) that deg(α0) < d. For each i ≠ i0, write
(a− bi)2 + (a− bi)bG+ b2G2U = α0 + (bi0 − bi)(bi0 − bi + bG).
We have a sum of two terms. The first one is such that deg(α0) < d, the degree of the second one is at least d, indeed, as
deg(bi0 − bi) ≤ logq(j) ≤ logq(k) < d/2, we have
deg(bi0 − bi + bG) = deg(bG) ≥ deg(G) = d.
Hence
deg

(a− bi)2 + (a− bi)bG+ b2G2U
 = deg(bi0 − bi)(bi0 − bi + bG) ≥ d.
Similar to (12), we obtain here
deg

N

k−1∏
i=0
(bk − bi)

≥ (k− 1)d. (13)
As d is an integer, from logq(k) < d/2 we have d ≥ 2 logq(k)+ 1, and (11) follows.
• Suppose now that q ≥ 4. As k ≥ q, we also have k ≥ 4. We then have k2 < qk−1, and hence 2k logq(k) <
(k− 1)(2 logq(k)+ 1). Comparing (10) and (11) we thus obtain a contradiction.
• For q = 3, then k2 < 3k−1 for k ≥ 4, and we reach the same contradiction as above. We are thus left with the case k = 3.
Comparing now (10) and (12), we have (k− 1)d/2 > 2k logq(k) (and thus reach a contradiction) for d > 6.
• For q = 2, then k2 < 2k−1 for k ≥ 7. We now compare (10) and (13). For each k such that 2 ≤ k ≤ 6, we have
(k− 1)d > 2k logq(k) (and thus reach a contradiction) for d > 6. 
We are ready to prove Theorem 24.
Proof. By Lemma 25, there is a constantK > 0 such that, for d ≥ K , the least degreemK of a prime P ∈ P that is non split
in K is such thatmK < d/4 for d odd, andmK < d/2 for d even. SettingC = max(K, 6), it then follows from Lemma 27 that,
in any case, for d > C, a basal Newton sequence of length qmK would be contained in Fq[T ], contradicting Proposition 9. 
It follows immediately from Theorem 24 that there exist at most finitely many separable real quadratic Newtonian
extensions of Fq(T ), among which the unique non geometric quadratic extension Fq2(T ).
5.3. Schinzel real quadratic function fields
We now study Schinzel sequences of a real quadratic K of Fq(T ). As above, we use the notations of Section 2.4.
• If q is odd, K = Fq(T )(
√
D) and we let d = degD.We recall that, as K is real, d is even.
• If q is even, we write K = k(y)where y satisfies the relation y2 + y+ U = 0 and U = N/D, with N,D ∈ Fq[T ].We recall
that, as K is real, deg(N) < deg(D). The ring of integers of K is of the form OK = Fq[T ] ⊕ Fq[T ]yG, with G a polynomial
(defined in terms of D) such that degG ≤ deg(D). As in the previous section we let d = degG. It follows from Section 2.4
that d = 1, if and only if deg(D) = 1 and that, in that case, G = D.
Proposition 28. Let K be a separable and geometric real quadratic extension of Fq(T ). The following are equivalent.
(1) K is a Schinzel field.
(2) K is a rational extension of Fq(T ).
(3) (a) d = 2 for q odd,
(b) d = 1 for q even.
Moreover, if K is a Schinzel field, then K is Newtonian and if not, the longest length of a Schinzel sequence in OK is q− 1.
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Proof. (3) implies (2). In the odd characteristic case, as d = 2, the genus of K is 0 by [17, Example III.7.6] and thus K is a
rational field by [17, Corollary V.1.12]. In the even characteristic case, if d = 1, it follows from [10, Corollary 3.6.9] that K is
a rational field.
(2) implies that K is both a Newtonian and a Schinzel field by Corollary 23.
Suppose (3) does not hold. We prove that the longest length of a Schinzel sequence in OK is q− 1. For this, we let (vn) be a
basal Schinzel sequence of length q and show that, for 0 ≤ i ≤ q, vi ∈ Fq, reaching a contradiction as two elements of the
sequence would then be equal. For 2 ≤ i ≤ q, note that deg(N(vi)) ≤ 1 and deg(N(vi − 1)) ≤ 1.
• In the odd characteristic case, write vi = a+ b
√
D with a, b ∈ Fq[T ]. For 2 ≤ i ≤ q, we then have
deg(a2 − Db2) ≤ 1 and deg((a− 1)2 − Db2)) ≤ 1.
It follows that deg(a) ≤ 1. If (3) does not hold, then d ≥ 4, and b ≠ 0 would imply deg(a2 − Db2) ≥ 4. Thus b = 0, hence
vi = a ∈ Fq[T ]. Finally the inequality deg(a2) = deg(a2−Db2) ≤ 1 implies deg(a) = 0, that is, a is a constant. Thus vi ∈ Fq.• In the even characteristic case,write vi = a+ bGy, with a, b ∈ Fq[T ]. For 2 ≤ i ≤ q, we then have
deg(a2 + b2G2U + abG) ≤ 1,
deg(a2 + b2G2U + abG+ bG+ 1) ≤ 1.
These two equalities imply deg(bG) ≤ 1. If (3) does not hold, that is d > 1,wemust then have b = 0, hence vi = a ∈ Fq[T ].
Finally, deg(a2 + b2G2U + abG) ≤ 1 implies deg(a) = 0, that is, a is a constant. Thus vi ∈ Fq. 
5.4. Imaginary extensions
Recall that an extension K of Fq(T ) is said to be totally imaginary if there is only one place in K above
 1
T

. Recall also from
[11, Chapter IV] that, for such an extension, the group of units of OK is F∗q and that,
∀x, y ∈ OK , N(x+ y) ≤ max(N(x),N(y)). (14)
In [2], we proved that a totally imaginary extension K of Fq(T ) is Newtonian field if and only if OK is Fq-isomorphic to
Fq[T ]. Similarly, we have the following.
Lemma 29. Let K be a totally imaginary extension of Fq(T ). Then K is a Schinzel field if and only ifOK is Fq-isomorphic to Fq[T ].
Otherwise the longest length of a Schinzel sequence in OK is q− 1.
Proof. Assume there is basal Schinzel sequence (vn) of length L ≥ q. As the units of OK are the elements of F∗q it follows
that vi ∈ Fq for i < q, and that N(vq) = q. Set u = vq, then Fq[u] is Fq-isomorphic to Fq[T ]. It is a Schinzel domain, and its
Car sequence (un)n∈N (built from u) is such that uqs = uqs and N(uqs) = qs for each integer s. Condition (14) on the norms
then easily implies that (un)n∈N is a Schinzel sequence of OK , thus K is a Schinzel field. We finally show that OK = Fq[u] in
this case.
Let y ∈ OK and set N(y) = qs. As (un)n∈N is a Schinzel sequence, there exists j, 0 ≤ j < qs, such that y ≡ uj(moduqs), that
is, y − uj = ξuqs , with ξ ∈ Fq[T ]. By (14), N(y − uj) = qs = N(uqs) and thus ξ is a unit, that is, ξ ∈ F∗q . It follows that
y = uj + ξuqs ∈ Fq[u]. 
Thus for totally imaginary extensions, Schinzel and Newtonian fields are the same. Back to quadratic extensions,
observing that totally imaginary simply means imaginary, we thus obtain the following characterization of both Newtonian
and Schinzel fields.
Proposition 30. Let K be a separable geometric imaginary quadratic extension of Fq(T ). The following are equivalent.
(1) K is a Schinzel field,
(2) K is Newtonian,
(3) OK is Fq-isomorphic to Fq[T ],
(4) K is rational and the place of K above
 1
T

is of degree 1,
(5) (a) degD = d = 1 in the odd characteristic case,
(b) degN = 1 and D = 1 in the even characteristic case.
Proof. The equivalence of (1) and (3) is Lemma 29, the equivalence of (2) and (3) follows from [2] as recalled above.
(3) implies (4). If OK = Fq[V ] for some V ∈ OK , then K = Fq(V ) is rational. Moreover the place
 1
V

is the place of K above 1
T

, and it is of degree 1.
(4) implies (1) and (2) by Corollary 22.
For the equivalence of (4) and (5), note that if K is rational, then its genus is 0 and if the only one place above
 1
T

is of degree
1, then the place
 1
T

is ramified.
(a) In the odd characteristic case, the equivalence of (4) and (5) follows from [17, Proposition VI.2.3].
(b) In the even characteristic case, assume (4). It follows on the one hand from [13] that 2 deg(G) = deg(D)− deg(N)+ 1
and on the other, as the place
 1
T

is ramified, that deg(N) > deg(D), thus, deg(D) − deg(N) + 1 ≤ 0. As deg(G) ≥ 0,
we have deg(D) − deg(N) + 1 = 0. Thus deg(G) = 0, that is, as noted in Section 2.4, D = G = 1. We then derive that
deg(N) = 1.
The converse follows from [17, Proposition 5.3.11] and [13]. 
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